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Abstract

This work presents a collection of examples of increasingdif{pthat demonstrate the power
of the commercial software Graphing Calculator (GQ) author developed these examples
using GC in courses such as multivariable calculus and investigation of operEtiessftware
GC and Mathematica have been fundamental to providing technological support for these
courses. Such tools open the door to a new approach to the teaching and learning of mat

1 - Introduction

It is clear that the the use of computers impacts our daily lives. Education does not escap
reality, and we need to consider seriously the incorporation of this tool into many of the
disciplines that are available in Costa Rican education centers. Mathematics feneatdif this
regard, and today much software is available that makes it possible to approach many bre
of mathematics from a dédrent and more attractive perspectiékenong the programs that are
outstanding in this process, we can mention Mathematica, Maple, MuPad, Geometer's Sk
Pad and, of course, Graphing Calculator (which we discuss here).

2 -What is Graphing Calculator?

GC is commercial software that allows one to visualize mathematical objects in two, three
four dimensions. It is possible to create animated graphics, to solve equations and to chau
graphical point of viewamong other things. GC allows one to graph functions and relations
are stated implicitlyexplicitly or parametricallyin two or three dimensions.

One of the notable features of this software is the simplicity with which the data are introd
In the case of functions in two or three variables, it is not necessary to isolate a particular
variable.The equation is entered as it is.

GC is available at wwWacikeT.com in a version of approximately 3 MB fdfindows. In
addition, a version called g@iver can be downloaded free from this sitiee free version is no
100% functional, but it allows one to visualize examples or archives developed previously
licensed version of the program. Reaitys worth the trouble to download this version and tc
enjoy, in just a short time, a tool that is in the opinion of the authdually a digital jewel.

3 - Examples Using Graphing Calculator

In this section a collection of examples of increasingatifly appears that allow one to
appreciate the facilities of GChe following Ryure shows therst three menus of GC:
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™ Untitled - Graphing Calculator

Math

Ml Chrl+h Undo Chrl+2 | Show Kevpad
open. . Chr+o | 5 Root Chrl+Shift+R
Save Chrl+5 quare Roo ' !
Exponent Zkrl+H
2avE AS... Pask Chrl+y 2-ect Chrl+2
Save As Web Page.., e ' e '
. 3-Mector Chrl+3
Mail File. .. . ]
2 % 2 Matrix Chrl+5hift+2
3% 3 Makrix Ckel+Shife+3
1 Cihbasuraibolica | Function k-2
2 C\basuraldibuijo
Inteqral
3 Cibasuraibackground Preferences. .. o
Derivative
4 Cibasuralbexto |
Surnmation
Exit Substibution

Total Derivative
Definite Integral

Zalculate k4=
Sirnplify Chel+Y
Expand Ckrl+E
Transform Ckrl+G
Isolate Term k41

Mew Math Expression Cerl+M

Note In the collection of examples, expressions have sometimes been presented in a forr
slightly different from that which is usual in GThis has been done to conserve space.

Example 1 -GC can be used like calculat@alculate a decimal approximation for the
expressior&')' 3+2 3+ 1. (The square-root button of the "keypad" can be used to facilitat

calculation.)
= 131243556
B 5./3+2.03+1

Curve is outside the region shown

In GC a simple equation can be entered to be graphed.

Example 2 -In order to graph y = sin (2x + 1) the equation is entered as written. If it is des
to mark the point (2, 1), a 2-vector is used (located in the Math mEmiyesult follows.
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File Edit M™ath Text Graph Examples Demo  Help

By = sm(2x+1)

AN ANEANSIVA NI
VAR VAR VARV

a4

sacal Ll

Example 3 -Graph the two functions y = sin(2x+1) and y = cos(2x-1) simultanedquslgrder
to add a new math expression we used the command CtilHd.jesult is:

b o

By = sm(2x+1) /\\\z/f\v{\{
\\ W \\

By = cos(2x—-1) | }

Example 3- Graph
#sin(x) if x<O0
f(t)=, x? if 0! x< 3
3 9 if x" 3
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Unfortunately although in the version used here that supposedly has the symbols ! and ","
never appeared. For graphicdeets this means that there will be a pair of holes in the
connection points. For the case of two-dimensional or three-dimensgunasthe situation is
corrected by separately graphing the desired region (using inequalities) and then the edge
equations). Normally this does not represent a great problem, but you should be aware of
dekciency

This is entered as follows:

B y=smx,x<0 107
B y=x"x>0x<3

:f_‘\uf_"ruﬁ } }
B y=9,x>3 70 10 10 20

GC can be used to solve equations graphically

Example 5 -Find a pair of solutions for the equation sin 3x = cos 2x. Using the mouse we
solve this graphicallyLocate and click on the intersection of these curves to observe the
numerical approximation of the x and y coordinates of the interseguloiitionally, if the
computer sound is turned on, a click can be heard to when crossing an intersection of the
curves.

. % 0.31415927
B v = sm3xX  yoseoooisas

Wy

Example 6 -GC can graph inequalities. Graph the region between®and straight line x = 2.

This is entered in GC is as follows:
E-
B <-v: x<?
X>y,x<2
i
B x=y

B x

2
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Example 7 -Graph the rhombus given by |x - 2| + |y - 2| ! 2. In this case we graph the intel
and the edge separatelynese expressions are entered in GC is as it follows:

x -2+ [y -2

x-2[+|y-2<2

Example 8 -Graph the region determined by cos x ! cos y

In this case we obtain a red checkerboard with green edigesmply wrote:

W cosx = cosy

B cosx < cosy

Example 9 -One of the most interesting aspects of GC is the animation. Graph y = sin nx.

This is entered as follows:

By = smnx JV\ /’\ V\ /\
T T U
IR A

Use the scroll bar that is at the bottom of the GC window to control the animation. If you c
on the button to the right of tirebutton, the parametarchanges automaticalljo control the
range o and the speed of the animation, click onrtimutton itself.

Example 10 -Graph the parabola and y =axbx + cfor-4!a!4,-5!b!5and-5!c!5.

For this we must use sliders. Indicate the name of the slider and its size. Moving the conti
each slider the &dct of each coeftient appears immediately in this quadratic function.

This is entered in GC as follows:
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a = shder (_45 4) T as0d ———1 /—\ i
b = slider (=5.5) —7 b=33% 7 \
¢ = shder (=5,5) — e=23 !

54

2
By =ax*+bx+c
Example 11 - Graph the parametric curve:

x=2cost |
fty= X Y withor t1 s
y=3sint

2 2
Observe that when changing to Cartesian coordinates we eftarn% = 1. This is an ellipse.
However as the parameter t varies from 0 and 5, only part of this ellipse is drawn.

In order to write the vectors we use the opRewectorof the Math menu.This is entered in GC
as follows:

X 2 cost +

. — : ———
y | 3 st

Example 12 -Draw the graph in polar coordinatesrof 1+
and 10.

for n varying between 1

sin(n!)

This is entered in GC as follows:

simno
. # ' *
n : : 2 2 ;
oo —
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The size of n and the speed of the animation araateln the slider bar at the base of the GC
window.

In polar coordinates interesting graphics can be created. Consider the following case.
Example 13 -Draw the graphic ofec(10!) < tan(1+ r sin(2r)).

This is entered in GC simply as:

B secl00 < tan (1 + rsmn2r) '

Example 14 -Trace a tangent line moving along the curve of the function f(x) = (#x) at the
(n, f(n)) as n varies.

We begin by declaring the function in question using the ojfdioction of theMath menu. In
this way we can easily change to deafiént function. Next we graph the function by writing y

|
f(x). Then we declare (using tfienction andderivativeoptions) the functiog(x) = I'—Xf (x).

We know that for the point (n, f(n)), the tangent line has equation y = f(n)(x n) + f(n), or y :
(x-n) + f(n). Then we graph (usininction) this straight line: Finally we draw the point of
tangency by means of the option 2-vector

This is all entered in GC as:
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f(x) = cosmx /\ /\
By - fx NARVAAN
o) = 2fx) |
§ NISA
By =gh(x—n)+fn : ey
11 \./ 1 | \/
f) el =

Example 15 -Find the coordinates of the maximum of the given function graphically over t
indicated region.

L

Maximize z = 3x + 2y

tx+2y! 6,
hox+y! 8,
:"x+y! 1,
Lyl o2,

JLN’x#O,y#O

We must remember that the domain of such a linear system corresponds to a polygon. In
case we have a small detail to consider when using GC because of the appearance of the
I. As is known, the dference between < and ! is whether or not the boundary of the ineque
is includedWe used GC to graph the domain excluding the border of the resulting polygor
replacing ! by <. Howeverwe must always determine whether the vertices of the polygon

belong to the domain of the linear systéife get GC to draw the domain polygon as follows:

o x+2y<6,2x+y<8-xt+ty<l,y<2,x>0,y>0

Now we have to draw the objective function. For this we declare a slider as follows k = slit
20).We then graph the straight line associated with the objective function, y = 3x + 2y = k.
vary the slider k we notice that we exit the polygon at the vertex with approximate coordin
(3.3, 1.3) We observe that this takes place when the value of k (that corresponds to z) is

approximately 12.7. Using GCs zoom button we can obtain a better estimate for these val
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Only one more thing before we go to another example. It is likely that the reader asks why
did not declare z as the value for the slider and simply graph 3x + 2y = z instead of 3x + 2
The problem is that GC graphs in three dimensions when it notices the presence of the ve
and in such a case graphs the plane 3x + 2y = z, which is not what we want to observe.

The whole problem is entered as:
O x+2y<6,2x+ty< 8 -x+ty<l,y<2,x>0,y>0
. pan

k = shder (0,20) — / k=123

W o3x+2y =k

2 4N

r[t_] =5implifvy[{f[t]. g[t]l}. £[t] = Reals ~ g[t] = Reals]
"Point at which we want to calculate the osculating circle”
s =r[p]
TT[t_] = Simplify[r"[t] /Hora[r'[t]]. t = Reals] //.
Abs[y: _]1"2-=-v7v"2
HH[t_] =5implif¥[TT"[t] A ASQrt[TT'[t]~TT"[t]1]. t = Reals] //.
Abs[¥:_1"2—sv"2
I=5implify[
{0 [E100111 O« TLEIL[Z2]] - O« T[10[11] O T[LIL[211 )/
Norm[d, r[t]]"3. t = Realsa] //. {t —-p. Aba[y :_]"2-v"2}:
"Circle radius of curvature:”®
p=1/1x
"Circle: "™
HC = Simplify[Norm[{x. ¥} -{(3+ pHN[L0])] 2. T = Peala~ ¥ = Reals] //.
Abs[y:_]"2-=v"2:;
HC1 =HC //. {g"[P1E£""'[P]1-£'[Pla' '[Pl —wa. £'[P]1"2+0"'[P]"2—B.
g'[plf"'[P1+£'[P1o’"[P] - -a}:
HCZ =p~2//. {g'[P1E£""[P1-£'[Pla" '[Pl —a. £'[P]1"2 +a'[P]"2 8.
-g'[plEf"'[Pl1+£'[P1g’"[P] = -a}:
"S5implifying”
HC1 -- HCZ2

Figure 1: Mathematica code for the osculating circle equation to a function at acqmsoii

Example 16 -With some dbrt and using Mathematica (see Figure 1) we can be deduce a
formula to Ind the equation of the osculating circle for a parameterized curve as
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x=f(b)
y = g(t)

For the case t = m, we simplify and dep
j=f(m)g"(m) - g’(m) f*(m)
k = [f(m)]? + [g'(m)F

The equation of the osculating circle is then:

<y! g(m) ! kf!(m)>2+ (:c! f(m) + kg!(m)>2: k_g
|1 |1 j

Note: This formula does not appear in traditional multivariable calculus books.

Consider the case of the parabola ¥ #hat can be described parametrically as x = t,4 Fot
choose any point on the curve, we use the stideén addition we make f () =tand g () & t
and we draw the curv@he code in GC is:

m = shder (—20, 20)
fit) = t

gt) = -t

s X = |f®

y (b))

m=2z2

T

Next we delre some auxiliary functions forst derivatives of f and g, respectively:
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|

o
=
o
e

ax) = ﬁf(:a:) c(x)
0X

=
—
|
=
p—
|
>
=
o

X a(x)
0X

Next we declare additional values j and k andlly we draw the osculating circle:
= a(m)d(m) — c(m)b(m)

k = a@m)® + c(m)* / ‘\ 0

k’ k k
B — = (yv—glm)- ﬂﬁ )) + (x — f(m) + cﬁu)
]

2
]

GC also allows another level of interaction when it works with complex numbers of type z
bi, with reala and reab. As is known, an identitation can be established between a comple
number z = a + bi and a point in the plane (aY)en such a point is declared, GC allows yo
to change its location with the mouse and to recalculate its coordinates.

Example 17 -Consider the point (1, 0An animated graphic that makes this point rotate aroi
the origin. Draw in addition the segment that unites the pointsp=1+iandg=-1- i

As is known the point (1, 0) can iderggbwith cos t + i sin t when t = 0, or (in exponential for
with €, when t = 0. If we let t vary between 0 and 2#, we obtain the graph of the unit circle
this form the equation for a unit circle is z's &n the other hand if we added the equation z
€" we managed to make the animation that shows the point (1, 0) rotating around the orig
Next we declare the points p = 1 + i and q = -IT"he equation of the straight line segment th
unites p with q is z = (q - p) t + p. Nevertheless, by virtue of which we speak indicates thai
parameter t varies between 0 and 2#, we have a good reason to introduce the modulus fu
The complete code in GC is:
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_ 2Tt _ .
B oz=-- B q=1+i |
W= B p=-1-i ‘
|l z= (gq-p)mod(t,1) +p . -

When moving point g with the mouse, notice the instantaneous change of coordinates.

Example 18 -Create an animation, in the basic system, that shows the function y = |x| rote
around the origin.

The transformation of coordinates z' = az with &'=arries out a rotation as n varies.

The code in GC is as follows:

B 7 = az \\/ : T —

a = cosn +ismn | T - l

X

5

Example 19 -Draw a normal vector to the curye= Z sin®x calculating the derivative tond
k=1
the slope of the tangent at x = n.

If we have a curve of the form y = f(x), this can be parameterized)as !t, f (t)". Let us
designate witlA = (n, f (n)) an arbitrary point on the curve where we want to draw the nornr

vector We know that'(t) = !1,f '(t)" and therefore the tangent vector is given by
) ! 11, f/(t)"
lIr (Il 1+ (f/(1)?

T() =

The normal vector N(t) is orthogonal Tdt) and for this case (observing the concavity of the
curve of interest) it can be written as
" fit), 1#
N() = Lo (D TF
1+ (f(t)?




Using Graphing Calculator

In order to draw the normal vector in GC we indicated the point at which it begins and the
in which it terminatesThe GC code for this problem is:

5t
5 — ] 4
f = x sinx g |0
k=1 _f(l])_ L b t—+—
By - - T
1 — 0o
g®) = ﬁf(x) u oo pn g(n)
Ox fm)] [ fn) \/lJrig(ll)2 !

Note: The summation is entered by means ofS3oexmationoption of theMath menu.We can
then construct approximations to square waves as for example:

- 2 sinm (2k+ 1) x
y = ; i ] ]
Z 2k+1 B R W G G0 [ WS S 5

Example 20 -Draw some solutions of the thfential equation y' = 2x and its slopeldp

Using the method of separation of variables fdiedgntial equations it is easy to see that the
general solution of this is y = k. Using theTotal derivativeoption of theMath menu we

d
write the expression fod%. Next we indicate the corresponding vecteldthat shows the slop

Peld of this equation.

d
I—'YZEK
dx
!1{21
y 2x
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d . . .
Note: Do not try to construct to the expressg%b as if it was a division (the ratio of dy to dx).
You must use th&otal derivativecommand from th#lath menu.

Example 21 -Graphx? + z = sin(y/x2 + y2).
This is a three-dimensional surface. GC draws the graph choosing a scale for the coordin

and the point of view (which can be varied to observe the surface from another point of vit
fact it is possible to keep the surface rotating depending on the speed used in mouse.

The GC code follows:

B x+z = sin/x*+y° *

Note:The z-axis is the one that does not have an arrow on its end. Once the z-axis is loce
x-axis is the one to the left and the y-axis is the one of the right. If it is desired to giterentlif
coloring, we can use tHRGB vector (red, green, blue) as follows:

h-l"—::.‘:ci
h_'lh_'lh_'l

I 1-x
] tz= Siﬂw"):z—l—}?g, ol = |[1+x

Note that each point is a function of x, y anéIso, the color can be speeit using the vector
hsv (hue, saturation, value).

Example 22 -Graph jointly the parabolic z Z* y? and the plane z = k for -2 ! k ! 5. Use
transparency

As is known z = k is a plane parallel to the xy-plane which we can move by creating a slid
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k with the range that we specity theGraph menu we select the transparency option to see
through the three-dimensional objetihe GC code is:

k = shder (-2,5) 7 k=-109
O 2 =Pty
BE=k

Example 23 -For the previous problem show adjacent graphs of the three-dimensional
intersecting surfaces and the curve that one obtains when cutting the cone with the plane

The GC Code is the following:
k = shder (-2,5) 7 k=-116

B 7= x+y

1 z=k

WK = :{'2+y'2

Observe that in addition to the equatidr=2 + y? for the cone and z = k for the plane, we ac
k2 = x2 + y?2. For each value of k this equation completely describes the curve that forms v
cutting the cone with the plane z =Tihe result is a circle of radius When a juxtaposed syste!
is desired, use is made of the basic system (using the variable x' and the variable y').

Example 24 -Graph the parametric curve:

}I_i;x= cost
. Yy=sint with! 5" t" 5
z= 13

jointly with cylinder ¥ + y? = 1.
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One is a three-dimensional curve. Like4bs sir? t = 1, the curve is within a cylinder and
coordinate z =3tcauses it to extend throughout this cylindierorder to construct vectors we
used the optioB-vectorof theMath menu.

GC code is as follows:

_;.; cost

_ y| = | sint
| £ t3 Ko-2 .. 2
B - yo-2 2
B 2+y? =1 S

Example 25 -Consider the following points in®RA = (1, 2, 3), B=(1, -2, 3) and C = (-1, 2, 2
Draw the vector that goes frofto B, the one that goes frofnto C and the one that goes fror

(B! A)" (C! A)

Ato - . We use optior8-vectorof theMath menu.The code in GC is:
(BT A" (CT Al g
B AB
1 1 -1
B AcC
A= 2] B=|_2 C=]2
B-AxC-A
B A
3 3 3 B-AxC-A|

Example 26 Use spherical coordinates to graph the right side of the paraboloid whose eq!

X2 y2 Z2
this given byz + 16 + ) = 1.

The parameterization in spherical coordinates for this case can be written as
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;Qx: 2sin u cosv
. Yy=4sinusinv with0O<u,v<!

z=3cosu
The code is the following:
X 2 8INu- CO8V
1 |y| = |4sinuw sinv 5 5
.
| Z| | 3cosu | 2.2
0 ...3.14
o ..3.14

3
Example 27 -Graph the tangent plane to the eIIips?m‘Z + 3y? + z2 = 12 at the point (2, 1,
' 5). We express therbt equation of the surface f(x,2) = 0 delping

3
flz,y,2) = ZLI?2+ 3y?+ 221 12= 0.

We begin by declaring functidnusing the optiofiunction of theMath menu.We observe that

3
the partial derivatives dfarefx (X,y,z) = =x,fy(X,y,2) = 6y,f,(x,y,z) = 2z, and therefore

el 2
at (2,1, 6),
fr(2,1, 6)=3,f,(2,1, 6)=6f,(2,1, 6)=2 6

In order to obtain this in GC we de®some auxiliary functions (using the optifunsction and
derivativeof theMath menu), that is:

0%,y 2) = 1f (0¥ 20 hlxy2) = 7T (0,2), k00y.2) = 1f (3,2)

Next we indicate the tangent point with the values a, b and c as follows:
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a=2 b=1c= 6

Observe that to change the tangent point, we simply modify this code. For this problem, tt
equation is:

3x—2)+ 6y — 1)+ 2v/6(z—vV6)= 0
In GC we write this as:
g(@, b,c)(x-a)+h(a,b,c)(y-b)+k(a, b,c)(z-c)=0

To graph the ellipsoid we simply add the code f(3z)y= 0.The complete code is as follows:

fix,v,2) = ix2+3y2+22—12 a =2

g(x. vy, z) = if(rﬁc. Y, Z) b

) ox c = \/%

hix,v,7) = 2fx, vy, 2) B g b, c)(x-a) +hiab,c)(y-Db)
+k(a,b,c)(z-c) =0

k(x, v, z) = aﬁzf(x y, 2) W o-=fixy 2

Example 28 -Graph the tangent plane to the ellipsoid of the previous example

3
sz + 3y + z2 = 12 at any point.

In order to do this we can parameterize an arbitrary point of the ellipsoid and use its parar
as sliders. Using spherical coordinates, we have:

a= 4cos(p)sin(q), b= 2sin(p)sin(q), cosc= /12 cos(q)
We then declare p and q as sliders:
p = slider(0,6.28), q= slider(0,3.14).

The complete code is thefihe problem also can be approached using formulas for the tang
plane for parameterized surfaces. Do this as an exercise.
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Example 29 -Find the equation of the surface of revolution that is obtained when the grap
= x? is rotated around x-axis. Graph this surface and create an animation that shows this «
turning around the x-axis.

To bnd the equation of a surface revolution that is obtained when rotating a curve with eqt
F(x, y) = 0 around the x-axis, we must replace the variable y by the expresgion z2. We

thus Ind the desired surface has equa'tioy? + 72 = x2. To make the animation of the curve
= x? rotating around x-axis we use parameterization:

-x=t
y = t?

Note:We cannot use the cartesian form y*for this animation because an equation of type
f(x) is drawn as a cylinder when we are in working in 3D.

In order to make the curve in question rotate we use the matrix of rotation

1 0 0

R="0 cos(!n) sin(!n) $
0 !sin(!n) cos(!n)

In order to enter this matrix in GC we make use of of@iar3 Matrix of theMath menu. It

remains to graph the parametric curve and vary parameter n. It is good to set the number
passes to 50 or less to appreciate the revolutions of the Thieveode in GC is:

_ — N .'yE_i_zE — Xz

1 0 0

R=10 cosnn sinmn X ay

0 — sinmn coswn| | M y| R )

In order to Ipish it is good to show an example in which GC does not shine very well, that
say a case in which the drawing made is not very clear
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. 1
Example 30 -Draw the graph afin(x? + y? + z%) = — for n between 1 and 10. Use vector
RGB.

The code in GC is:

1 1 —x
g 2 4 2+2_1 _
B osin (FHyt A =g =

It is a succession of concentric spheres.
4 - Conclusion

In the process of teaching and learning mathematics today ones counts on valuable digite
that we must learn to use and to applye possibility that the student, properly oriented, may
discover interesting results on his own, opens the door to learning in a pleasant asthbene
way.

This work has demonstrated, by means of examples, thetsasfabe tool GC and will have
achieved its goal if it inspires the reader to learn more about thi§taohuthor is willing to
collaborate in this process with interested readers.
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